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Let N be the set of positive integers, B ¼ fb15 . . .5bkg  N, N 2 N, and N5bk.
For i ¼ 0 or 1,A ¼AiðB;NÞ is the set (introduced by Nicolas, Ruzsa, and Sa´rko¨zy,
J. Number Theory 73 (1998), 292–317) such that A \ f1; . . . ;Ng ¼ B and
pðA; nÞ 	 iðmod2Þ for n 2 N; n4N, where pðA; nÞ denotes the number of partitions
of n with parts inA. Let us denote by ðA; nÞ the sum of the divisors of n belonging
toA. In this paper, we prove that ðA; 2nÞ mod 4 is periodic with period q2 multiple
of q period of ðA; nÞ mod 2; we also give the sets B  f1; . . . ; 5g and the values of
N;N410, for which q2 6¼ q. Moreover, we show that ifAðxÞ is the counting function
of A then for A ¼A0ðf1; 2; 3g; 3Þ; limx!1AðxÞ=x41=4: # 2002 Elsevier Science (USA)
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N0 and N denote the set of the non-negative integers, resp. positive
integers. A;B; . . . will denote sets of positive integers, and their counting
functions will be denoted by AðxÞ;BðxÞ; . . . ; e.g.,
AðxÞ ¼ jfa: a4x; a 2Agj:
If A ¼ fa1; a2; . . .g  N (where a15a25   Þ, then pðA; nÞ denotes the
number of partitions of n with parts inA, that is the number of solutions of
the equation
a1x1 þ a2x2 þ    ¼ n
in non-negative integers x1; x2; . . . . As usual, we shall set pðA; 0Þ ¼ 1 and
pðA; nÞ ¼ 0 for n50.
For i ¼ 0 or 1, if A  N and there is a number N such that
pðA; nÞ 	 i ðmod 2Þ for all n 2 N; n > N;
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F. BEN SAI¨D210then A is said to possess property Pi. If i ¼ 0 or 1, B ¼ fb1; . . . ; bkga|
(where b15   5bk) is a ﬁnite set of positive integers, N 2 N and N5bk,
then there is (cf. [3]) a unique set A  N such that
A \ f1; 2; . . . ;Ng ¼ B
and
pðA; nÞ 	 i ðmod 2Þ for n 2 N; n > N:
We will denote this set by AiðB;NÞ, and in particular we will write
AiðB; bkÞ ¼AiðBÞ. The construction of the setAiðB;NÞ is described in [3];
let us recall it when, for instance, i ¼ 0. The set A ¼A0ðB;NÞ will be
deﬁned by recursion. We write An ¼A \ f1; 2; . . . ; ng so that
AN ¼A \ f1; 2; . . . ;Ng ¼ B:
Assume that n5N þ 1 and An1 has been deﬁned so that pðA;mÞ is even
for N þ 14m4n  1. Then set
n 2A if and only if pðAn1; nÞ is odd:
It follows from the construction that for n5N þ 1 we have
if n 2A; pðA; nÞ ¼ 1þ pðAn1; nÞ;
if neA; pðA; nÞ ¼ pðAn1; nÞ;
which shows that pðA; nÞ is even for n5N þ 1.
Note that in the same way, any ﬁnite set B ¼ fb1; b2; . . . ; bkg can be
extended to an inﬁnite set A so that Abk ¼ B and the parity of pðA; nÞ is
given for n5N þ 1 (where N is any integer such that N5bkÞ.
In [4], an initiation to the study of sets possessing property P0 or P1 is
given. In [5], it is shown that there are sets of this kind whose counting
function grows very slowly:
AðxÞ  log x;
they are of geometric progression type. Apart from these sets, it is proved in
the same paper that for most B;N, the set A ¼AiðB;NÞ (for both i ¼ 0
and 1) satisﬁes
AðxÞ  x
log x
:
The interest in the subject is to know how dense can such a set be.
CONJECTURE OF NICOLAS – SA´RKO¨ZY 211If A  N, let wðA; nÞ denote the characteristic function of A, i.e.,
wðA; nÞ ¼ 1 if n 2A;
0 if neA;
(
and for n51,
sðA; nÞ ¼
X
djn
wðA; dÞd ¼
X
djn;d2A
d: ð1:1Þ
In [3], it is proved that for all set A  N and n51,
npðA; nÞ ¼
Xn1
k¼0
pðA; kÞsðA; n  kÞ: ð1:2Þ
Furthermore, for the case A ¼A0ðB;NÞ, where pðA; nÞ 	 0 ðmod 2Þ for
n5N þ 1, if J is the smallest integer such that
pðA; JÞ 	 1 ðmod 2Þ and pðA; jÞ 	 0 ðmod 2Þ for j5J þ 1; ð1:3Þ
then we have (cf. [5, (4.6)])
0 	 sðA; nÞ þ
XJ
k¼1
pðA; kÞsðA; n  kÞ ðmod 2Þ: ð1:4Þ
For the case A ¼A1ðB;NÞ, we have (cf. [5, (4.9)])
npðA; nÞ  ðn  1ÞpðA; n  1Þ ¼ sðA; nÞ þ
Xn1
j¼1
tjsðA; n  jÞ ð1:5Þ
with tj ¼ pðA; jÞ  pðA; j  1Þ; here we deﬁne J as the smallest integer such
that
pðA; J  1Þ 	 0 ðmod 2Þ and pðA; jÞ 	 1 ðmod 2Þ for j5J; ð1:6Þ
except for the case B ¼ f1g (which leads to A1ðB;NÞ ¼ f1g for all N51Þ.
It follows from (1.5) that for n5J þ 1
sðA; nÞ 	 1þ
XJ
j¼1
tjsðA; n  jÞ ðmod 2Þ: ð1:7Þ
Consequently, for both i ¼ 0 and 1, sðA; nÞ (mod 2) satisﬁes a recurrence
congruence; hence (cf. [5]) sðA; nÞ ðmod 2Þ is periodic, its period will be
denoted by q.
F. BEN SAI¨D212In [3, 5], the case A ¼A0ðBÞ when B ¼ f1; 2; 3g was investigated, and
it was proved that the period q of sðA; nÞ (mod 2) is equal to 7.
The knowledge of sðA; nÞ (mod 2) allowed one to determine the
odd elements of A. Moreover, computing the elements of A up to
n ¼ 10 000 suggested that for any k51, the sequence sðA; 2knÞ (mod 2kþ1)
is periodic in n with period 7, which led Nicolas and Sa´rko¨zy to formulate
the following conjecture:
Conjecture 1. Let A ¼A0ðf1; 2; 3gÞ; if n is even then
sðA; nÞ 	 2; 3; 1 ðmod 4Þ as n
7
 
¼ 1;þ1; 0;
respectively, where
n
7
 
is the Legendre symbol for ðn; 7Þ ¼ 1 and n
7
 
¼ 0 for
7jn.
The above conjecture can be extended:
Conjecture 2. If k51, we write uk ¼ sðA; 3:2kÞ; vk ¼ sðA; 2kÞ, and n
is a multiple of 2k, then
sðA; nÞ 	 uk; vk;3 ðmod 2kþ1Þ as n
7
 
¼ 1;þ1; 0;
respectively.
Note that Conjecture 1 is equivalent to the fact that sðA; 2nÞ ðmod 4Þ is
periodic with period q2 ¼ q. Indeed, clearly, Conjecture 1 implies the
periodicity of sðA; 2nÞ ðmod 4Þ. Conversely, we have
sðA; 2nÞ 	 sðA; 4nÞ ðmod 4Þ;
since the divisors of 4n either divide 2n or are multiple of 4. This implies, if
we deﬁne wn by wn 	 sðA; 2nÞ ðmod 4Þ and 04wn43, that w1 ¼ w2 ¼ w4
and w3 ¼ w6 ¼ w12 ¼ w5, which, together with our hypothesis ðsðA; 2nÞ
ðmod 4Þ is periodic of period 7) yields Conjecture 1.
Furthermore, in the beginning, it was thought that for the set
A ¼A0ðf1; 2; 3gÞ, perhaps
AðxÞ ¼ ð1
2
þ oð1ÞÞx
holds. However, the computation gave Að10 000Þ ¼ 2204, which led Nicolas
and Sa´rko¨zy to suggest that
lim sup
AðxÞ
x
5
1
2
: ð1:8Þ
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the sequence sðA; 2nÞ ðmod 4Þ is periodic with period q2 multiple of q.
Moreover, we will prove (Theorem 3) that if
sðA; 2n þ 2qÞ 	 sðA; 2nÞ ðmod 4Þ for 14n4J; ð1:9Þ
where J is the integer deﬁned in (1.3) or (1.6), then q2 ¼ q. Next, in Section
3, responding on a question of Nicolas and Sa´rko¨zy (cf. [5, p. 16]), asking if
for all B;N, and both i ¼ 0 and 1, we have q2 ¼ q, we will give the sets
B  f1; 2; 3; 4; 5g, the values of N; N410, for which q2aq. In Section 4, we
will give the standard factorization into primes of the elements n of
A ¼A0ðf1; 2; 3gÞ; n 	 2 ðmod 4Þ from which an improvement on (1.8)
will be obtained in Section 5, by showing that for the setA ¼A0ðf1; 2; 3gÞ,
we have
lim sup
AðxÞ
x
4
1
4
: ð1:10Þ
2. PROOF OF CONJECTURE 1
We begin by proving a general result from which it will be easy
to deduce Proposition 1 (even case, i ¼ 0) and Proposition 2 (odd case,
i ¼ 1).
Theorem 1. Let ðtjÞj51 be a sequence of integers such that tj is even for
j5H þ 1 ðH 2 NÞ, and ðsðnÞÞn51 another sequence of integers satisfying for
n5H þ 1
XH
j¼0
tjsðn  jÞ 	 0 ðmod 2Þ: ð2:1Þ
We suppose that for n51:
ntn ¼
Xn1
k¼0
tksðn  kÞ: ð2:2Þ
Then for n even > 2H, we have
X2H
i¼0
uisðn  iÞ 	 0 ðmod 4Þ; ð2:3Þ
F. BEN SAI¨D214where
ui ¼
XH
j¼0
XH
k¼0
jþk¼i
tjtk:
(Note that ui is even when i is odd.)
Proof. We want to evaluate the sum S below for n even, n > 2H. By
substituting n  j to n in (2.2), we get
S ¼
XH
j¼0
tjðn  jÞtnj
¼
XH
j¼0
tj
Xnj1
k¼0
tksðn  j  kÞ ¼
XH
j¼0
tj
XH
k¼0
tksðn  j  kÞ
þ
XH
j¼0
tj
XnH1
k¼Hþ1
tksðn  j  kÞ þ
XH
j¼0
tj
Xnj1
k¼nH
tksðn  j  kÞ; ð2:4Þ
i.e.,
S ¼ S1 þ S2 þ S3: ð2:5Þ
The sum S2 writes
S2 ¼
XnH1
k¼Hþ1
tk
XH
j¼0
tjsðn  k  jÞ
 !
;
and, by (2.1), the parentheses are even, tk also, hence
S2 	 0 ðmod 4Þ: ð2:6Þ
The sum S3, when the sums are permuted, is
S3 ¼
Xn1
k¼nH
tk
Xnk1
j¼0
tjsðn  k  jÞ;
and by (2.2), we obtain
S3 ¼
Xn1
k¼nH
tkðn  kÞtnk ¼
XH
‘¼0
‘t‘tn‘: ð2:7Þ
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S ¼
XH
j¼0
tjðn  jÞtnj 	
XH
j¼0
 jtjtnj ðmod 4Þ:
Comparing with (2.7) and since tnj is even, we get S 	 S3 ðmod 4Þ, so that
(2.6) and (2.5) imply S1 	 0 ðmod 4Þ, which yields (2.3) by an easy
calculation and this completes the proof of Theorem 1. ]
Proposition 1. LetA ¼A0ðB;NÞ, and J be the integer defined by (1.3).
Then for n even > 2J, we have
X2J
i¼0
uisðn  iÞ 	 0 ðmod 4Þ
with
ui ¼
XJ
j¼0
XJ
k¼0
jþk¼i
pðA; jÞpðA; kÞ;
where ui is even when i is odd.
Proof. By using (1.2) and (1.4), the result follows immediately from
Theorem 1 with H ¼ J, tj ¼ pðA; jÞ and sðnÞ ¼ sðA; nÞ. ]
Proposition 2. LetA ¼A1ðB;NÞ, and J be the integer defined by (1.6).
Then for n even > 2J, we have
X2J
i¼0
uisðn  iÞ 	 1 ðmod 4Þ
with
ui ¼
XJ
j¼0
XJ
k¼0
jþk¼i
½pðA; jÞ  pðA; j  1Þ½pðA; kÞ  pðA; k  1Þ;
where pðA; jÞ ¼ 0 for j50. (Note that ui is even when i is odd.)
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even for j5J þ 1. Let sðnÞ ¼ 1þ sðA; nÞ. For n5J þ 1, we have
XJ
j¼0
tjsðn  jÞ ¼
XJ
j¼0
tj þ
XJ
j¼0
tjsðA; n  jÞ
¼  pðA; JÞ þ sðA; nÞ þ
XJ
j¼1
tjsðA; n  jÞ;
´and by using (1.7), we obtain
XJ
j¼0
tjsðn  jÞ 	 0 ðmod 2Þ:
Note also that
Xn1
k¼0
tksðn  kÞ ¼
Xn1
k¼0
tkð1þ sðA; n  kÞÞ
¼  pðA; n  1Þ þ
Xn1
k¼0
½pðA; kÞ  pðA; k  1ÞsðA; n  kÞ;
so that by using (1.2) twice, and pðA;1Þ ¼ 0, we get
Xn1
k¼0
tksðn  kÞ ¼  pðA; n  1Þ þ npðA; nÞ  ðn  1ÞpðA; n  1Þ
¼ n½pðA; nÞ  pðA; n  1Þ ¼ ntn:
Hence the hypothesis of Theorem 1 are satisﬁed, and consequently for n
even > 2J, we have
X2J
i¼0
uisðn  iÞ 	 0 ðmod 4Þ; ð2:8Þ
where
ui ¼
XJ
j¼0
XJ
k¼0
jþk¼i
tjtk
¼
XJ
j¼0
XJ
k¼0
jþk¼i
½pðA; jÞ  pðA; j  1Þ½pðA; kÞ  pðA; k  1Þ:
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X2J
i¼0
uið1þ sðA; n  iÞÞ 	 0 ðmod 4Þ;
i.e.,
X2J
i¼0
uisðn  iÞ 	
X2J
i¼0
ui ðmod 4Þ:
But
X2J
i¼0
ui ¼
X2J
i¼0
XJ
j¼0
XJ
k¼0
jþk¼i
tjtk
0
B@
1
CA ¼ XJ
j¼0
tj
 !2
¼ ðpðA; JÞÞ2
	 1 ðmod 4Þ:
Hence,
X2J
i¼0
uisðn  iÞ 	 1 ðmod 4Þ;
which completes the proof of Proposition 2. ]
Theorem 2. For i ¼ 0 or 1, let A ¼AiðB;NÞ; J the integer defined by
(1.3) or (1.6) and
tj ¼
pðA; jÞ if i ¼ 0;
pðA; jÞ  pðA; j  1Þ if i ¼ 1:
(
For n > 2J, sðA; 2nÞ ðmod 4Þ satisfies a recurrence congruence given by
X2J
m¼0
vmsðA; 2n  2mÞ 	 i ðmod 4Þ;
where
vm ¼
X
jþk¼m
u2ju2k;
uj ¼
X
aþb¼j
tatb:
F. BEN SAI¨D218Proof. First, note that, by (1.4) and (1.7), sðA; nÞ satisﬁesXJ
k¼0
tksðA; n  kÞ 	 i ðmod 2Þ: ð2:9Þ
Moreover, the last two propositions giveX2J
k¼0
uksðA; 2n  kÞ 	 i ðmod 4Þ: ð2:10Þ
Linear combinations of (2.10) giveXJ
h¼0
u2h
X2J
k¼0
uksðA; 2n  2h  kÞ 	 i
XJ
h¼0
u2h ðmod 4Þ: ð2:11Þ
The left term of (2.11), when the sums are permuted, is equal to S1 þ S2,
where
S1 ¼
X2J
k¼0
k odd
uk
XJ
h¼0
u2hsðA; 2n  2h  kÞ;
S2 ¼
X2J
k¼0
k even
uk
XJ
h¼0
u2hsðA; 2n  2h  kÞ:
We have
S1 ¼
X2J
k¼0
k odd
uk
X2J
‘¼0
u‘sðA; 2n  ‘ kÞ 
X2J
‘¼0
‘ odd
u‘sðA; 2n  ‘ kÞ
0
B@
1
CA: ð2:12Þ
The second sum of the right term of (2.12), as uk and u‘ are even, is
	 0 ðmod 4Þ; while the inner term of the ﬁrst sum, when setting n ¼ 2n  k,
writes
X2J
‘¼0
u‘sðA; n ‘Þ ¼
XJ
a¼0
XJ
b¼0
tatbsðA; n a  bÞ ¼
XJ
a¼0
ta
XJ
b¼0
tbsðA; n a bÞ
 !
:
By (2.9), the last sum on b is 	 i ðmod 2Þ, so that
X2J
‘¼0
u‘sðA; n ‘Þ 	 i
XJ
a¼0
ta
 !
	 i ðmod 2Þ:
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a¼0 ta ¼ pðA; JÞ  pðA;1Þ 	 1 ðmod 2Þ. Hence,
S1 	 i
X2J
k¼0
k odd
uk ðmod 4Þ:
From (2.11) and the above congruence, we deduce
S2 	 i
XJ
h¼0
u2h  i
XJ1
h¼0
u2hþ1 ðmod 4Þ;
which, with the fact that u2hþ1 is even, give
S2 	 i
XJ
h¼0
uh ¼ i
XJ
j¼0
tj
 !2
	 i ðmod 4Þ:
Theorem 2 follows by noting that
S2 ¼
XJ
j¼0
u2j
XJ
k¼0
u2ksðA; 2n  2k  2jÞ
¼
X2J
m¼0
X
jþk¼m
u2ju2k
 !
sðA; 2n  2mÞ ¼
X2J
m¼0
umsðA; 2n  2mÞ: ]
Corollary 1. Under the above notation, sðA; 2nÞ ðmod 4Þ is periodic
with period q2 multiple of q and q2442J .
Proof. The proof needs the following classical lemma:
Lemma 1. Let ðynÞn51 be a sequence of integers satisfying a recurrence
relation of the form
yn 	 d þ
XK
k¼1
ckynk ðmod MÞ; n5K þ 1; ð2:13Þ
where K51, M52, d and ck are integers. Suppose that ðck;MÞ ¼ 1; then the
sequence is purely periodic, which means that there exists an integer Q51 such
that
ynþQ 	 yn ðmod MÞ; n51:
Moreover, Q4Mk holds.
F. BEN SAI¨D220Proof. Deﬁne zn 	 yn ðmod MÞ and 04zn5M and consider the K-
dimensional vectors ðzn1; zn2; . . . ; znkÞ for n ¼ K þ 1;K þ 2; . . . ;
K þ Mk þ 1. The number of such vectors is MK þ 1 and clearly at most
MK of them can be distinct. By the pigeon hole principle, two of them must
be equal, i.e., there are n1, n2 with
K þ 14n15n24K þ MK þ 1 ð2:14Þ
and
zn1k ¼ zn2k for k ¼ 1; 2; . . . ;K : ð2:15Þ
Write Q ¼ n2  n1. Then by (2.14) we have
Q ¼ n2  n14ðK þ MK þ 1Þ  ðK þ 1Þ ¼ MK :
It follows from (2.15) that
zn ¼ znþQ
for n1  K4n4n1  1; by induction on n and by (2.13) this relation also
holds for all n5n1, which shows that the sequence zn is ultimately periodic.
By the descent method, let us prove that it is purely periodic. Assume that
there exists a minimal integer n0 > 1 such that the following property holds:
znþQ ¼ zn for all n5n0: ð2:16Þ
Since cK is coprime to M, we have by substituting n þ K to n in (2.13) and
from (2.16) for n ¼ n0  1
yn 	ðcKÞ1 ynþK  d 
XK1
k¼1
ckynþKk
 !
	ðcKÞ1 ynþKþQ  d 
XK1
k¼1
ckynþKkþQ
 !
	 ynþQ ðmod MÞ
which contradicts the minimality of n0, and the proof of Lemma 1 is
completed. ]
Proof of Corollary 1. We shall apply Lemma 1 with yn ¼ sðA; 2nÞ;
M ¼ 4; K ¼ 2J. Indeed, (2.13) is satisﬁed from Theorem 2 with d ¼ i and
ck ¼ vk for 14k42J; since, with the notation of Theorem 2, v0 ¼ u20 ¼
t40 ¼ 1 and v2J ¼ u22J ¼ t4J so that, from (1.3) and (1.6), tJ and v2J are odd
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sðA; 2nÞ ðmod 4Þ and the upper bound q2442J are proved.
It remains to show that q2 is a multiple of q. Observe that
sðA; 2nÞ 	 sðA; nÞ ðmod 2Þ
since a divisor of 2n either divides n or is even. So the smallest period of
sðA; 2nÞ ðmod 2Þ is the same (i.e., q) than the smallest period of
sðA; nÞ ðmod 2Þ. But q2 is also a period of sðA; 2nÞ ðmod 2Þ, and thus is a
multiple of q, which completes the proof of Corollary 1. ]
How to calculate q2? Since, from Theorem 2, sðA; 2nÞ ðmod 4Þ satisﬁes a
recurrence relation of order 2J, to check whether Q is a period of
sðA; 2nÞ ðmod 4Þ, it is enough to check whether sðA; 2ðn þ QÞÞ 	
sðA; 2nÞ ðmod 4Þ, for 14n42J. In Theorem 3, we replace this range by
14n4J.
Theorem 3. For i ¼ 0 or 1 and A ¼AiðB;NÞ, let q be the period of
sðA; nÞ ðmod 2Þ, Q be a multiple of q and J be the integer defined by (1.3)
when i ¼ 0, and by (1.6) when i ¼ 1. Suppose that
sðA; 2ðn þ QÞ 	 sðA; 2nÞ ðmod 4Þ; 14n4J
holds. Then the smallest period q2 of sðA; 2nÞ ðmod 4Þ is a divisor of Q.
Moreover, if Q ¼ q, we have q2 ¼ q.
Proof. We shall prove by induction that sðA; 2ðn þ QÞÞ 	 sðA; 2nÞ
ðmod 4Þ for all n. Let n5J and suppose that this relation holds up to n.
Let us prove it for n þ 1: (2.10) with n þ 1 in place of n gives
sðA; 2n þ 2Þ þ
X2J
k¼2
k even
uksðA; 2n þ 2 kÞ
þ
X2J1
k¼1
k odd
uksðA; 2n þ 2 kÞ 	 i ðmod 4Þ:
The ﬁrst sum is, by induction, congruent modulo 4 to
X2J
k¼2
k even
uksðA; 2n þ 2þ 2Q  kÞ;
F. BEN SAI¨D222while, by using the fact that Q is a period of sðA; nÞ ðmod 2Þ and uk is even
when k is odd, the second sum is congruent modulo 4 toX2J1
k¼1
k odd
uksðA; 2n þ 2þ 2Q kÞ:
Consequently, we have
sðA; 2n þ 2Þ þ
X2J
k¼2
k even
uksðA; 2n þ 2þ 2Q  kÞ
þ
X2J1
k¼1
k odd
uksðA; 2n þ 2þ 2Q  kÞ 	 i ðmod 4Þ;
which, together with (2.10) written for 2n þ 2Q, give
sðA; 2n þ 2Þ 	 sðA; 2n þ 2þ 2QÞ ðmod 4Þ:
Therefore, Q is a period of sðA; 2nÞ ðmod 4Þ and so, is a multiple of q2. If
Q ¼ q then, by Corollary 1, we have q2 ¼ q.
3. EXAMPLES
I am pleased to thank Jean-Louis Nicolas who has computed for
both cases (i ¼ 0 and 1) the period q2 of sðA; 2nÞ ðmod 4Þ when
B  f1; 2; 3; 4; 5g and N410. Nicolas has found that in almost all cases,
we have q2 ¼ q and has remarked that for all the few exceptions, the
characteristic polynomial PðX Þ of the recurrence relation satisﬁed by sðA;
nÞ ðmod 2Þ (see [5]), of degree J, has in its expression into irreducible factors
over F2½X , a polynomial with an exponent equal to 2.
In Table 1, we give these exceptions, the period q of sðA; nÞ ðmod 2Þ, the
period q2 of sðA; 2nÞ ðmod 4Þ and the standard factorization of PðX Þ into
irreducible factors over F2½X .
4. THE ELEMENTS n OF A0ðf1; 2; 3gÞ; n 	 2 ðmod 4Þ
Let m be the Mo¨bius function, the following lemma allows us to determine
wðA; nÞ, the characteristic function of A (see Section 1), if the
s function is known.
TABLE 1
The Exceptions with Sets B  f1; 2; 3; 4; 5g, Integers N410 Such That q2 > q
B N q q2 PðXÞ 2 F2½X 
Case i ¼ 0
f1g 5 1 3 ðX þ 1ÞðX 2 þ X þ 1Þ2
f1g 9 1 5 ðX þ 1ÞðX 4 þ X 3 þ X 2 þ X þ 1Þ2
f2g 4 1 3 ðX 2 þ X þ 1Þ2
f2g 8 1 5 ðX 4 þ X 3 þ X 2 þ X þ 1Þ2
f1; 4g 9 1 15 ðX þ 1ÞðX 4 þ X 3 þ 1Þ2
f2; 4g 8 1 15 ðX 4 þ X 3 þ 1Þ2
f2; 3; 4g 9 3 21 ðX þ 1ÞðX 2 þ X þ 1ÞðX 3 þ X 2 þ 1Þ2
f1; 2; 3; 4g 8 3 21 ðX 2 þ X þ 1ÞðX 3 þ X 2 þ 1Þ2
Case i ¼ 1
f1; 2g 3 1 3 ðX 2 þ X þ 1Þ2
f1; 2g 7 1 5 ðX 4 þ X 3 þ X 2 þ X þ 1Þ2
f3g 7 3 21 ðX 2 þ X þ 1ÞðX 3 þ X 2 þ 1Þ2
f1; 4g 5 1 7 ðX 3 þ X þ 1Þ2
f1; 2; 4g 5 1 7 ðX 3 þ X 2 þ 1Þ2
f1; 2; 4g 7 1 15 ðX 4 þ X 3 þ 1Þ2
f2; 3; 4g 7 3 21 ðX 2 þ X þ 1ÞðX 3 þ X þ 1Þ2
f5g 8 31 93 ðX 2 þ X þ 1Þ2ðX 5 þ X 4 þ X 3 þ X 2 þ 1Þ
f1; 3; 5g 6 7 21 ðX 2 þ X þ 1Þ2ðX 3 þ X þ 1Þ
f1; 3; 4; 5g 10 31 217 ðX 5 þ X 2 þ 1ÞðX 3 þ X þ 1Þ2
CONJECTURE OF NICOLAS – SA´RKO¨ZY 223Lemma 2 (Nicolas and Sa´rko¨zy [5, p. 4]). If n is odd, then
wðA; nÞ 	
X
djn
mðdÞsðA; n=dÞ ðmod 2Þ: ð4:1Þ
While if n ¼ 2am; a51, and m is odd, then
nwðA; nÞ ¼ 
Xa1
b¼0
2bmwðA; 2bmÞ þ
X
djm
mðdÞsðA; n=dÞ: ð4:2Þ
From (4.1) it follows (cf. [5, Theorem 1]) that the odd elements of A are
of the following form:
n ¼ 1; n ¼ 7gpa; where p 	 3; 5 or 6 ðmod 7Þ; a51; and g ¼ 0 or 1: ð4:3Þ
Now (4.2) with n ¼ 2m and m odd, gives
2mwðA; 2mÞ ¼ mwðA;mÞ þ
X
djm
mðdÞsðA; 2m=dÞ: ð4:4Þ
F. BEN SAI¨D224But, we have proved that for the caseA ¼A0ðf1; 2; 3gÞ, we have q ¼ 7 and
from Theorem 3, it follows
sðA; 2h þ 2qÞ 	 sðA; 2hÞ ðmod 4Þ; h51:
By looking at the ﬁrst values, this is equivalent to
sðA; 2hÞ 	 2; 3; 1 ðmod 4Þ as h
7
 
¼ 1;þ1; 0;
respectively, and this can be expressed as
sðA; 2hÞ 	 1þ 1
2
h
7
 
þ 3
2
h
7
 2
ðmod 4Þ: ð4:5Þ
By using (4.5) and (4.4), we obtain
2mwðA; 2mÞ 	 mwðA;mÞ þ
X
djm
mðdÞ
0
@
1
Aþ 1
2
f1ðmÞ þ 3
2
f2ðmÞ ðmod 4Þ; ð4:6Þ
where for 14i42,
fiðmÞ :¼
X
djm
mðdÞ m=d
7
 i
:
Here f1; f2 are multiplicative functions, f2ðnÞ ¼ 0 for all n except for n ¼ 1
and 7 when f2ð1Þ ¼ 1 and f2ð7Þ ¼ 1. Further, f1ðpaÞ ¼ 0 for p7
  ¼ 1;
f1ðpaÞ ¼ 2ð1Þa for p7
  ¼ 1; f1ð7Þ ¼ 1 and f1ð7aÞ ¼ 0 for a52.
Thus, it follows from (4.6) that, for m odd a1; 7,
2mwðA; 2mÞ 	 mwðA;mÞ þ 1
2
f1ðmÞ ðmod 4Þ; ð4:7Þ
so that, for m odd a1; 7; 2m 2A if and only if
2 	 mwðA;mÞ þ 1
2
f1ðmÞ ðmod 4Þ:
For the m’s in A given by (4.3), ma1, we have
2 	 mþ 1
2
f1ðmÞ ðmod 4Þ;
which writes
2 	 7gpa þ ð1Þgð1Þa ðmod 4Þ;
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pa 	 2þ ð1Þa:
But, for p odd, this is equivalent to p 	 1 ðmod 4Þ and a odd.
Now, for meA, and ma7, (4.7) gives
2mwðA; 2mÞ 	 1
2
f1ðmÞ ðmod 4Þ;
so that 2m 2A if and only if f1ðmÞ 	 4 ðmod 8Þ. Hence, by using the
multiplicativity of f1 and the values of f1ðpaÞ given above, the congruence
f1ðmÞ 	 4 ðmod 8Þ holds only if m ¼ 7gpaqb; p7
  ¼ q
7
  ¼ 1; paq; a51;
b51, and g ¼ 0 or 1. An easy calculation shows that 2 2A and 14 2A.
Consequently, we have proved the following result (which was conjectured
in [5]):
Theorem 4. The elements n of A ¼A0ðf1; 2; 3gÞ; n 	 2 ðmod 4Þ are of
the following form n ¼ 2; 14;
n ¼ 2pa7g; p
7
 
¼ 1; p 	 1 ðmod 4Þ; a odd; g ¼ 0 or 1
and
n ¼ 2paqb7g; p
7
 
¼ q
7
 
¼ 1; paq; a51; b51; and g ¼ 0 or 1:
5. PROOF OF (1.10)
The following result holds.
Theorem 5. For the set A ¼A0ðf1; 2; 3gÞ we have
lim sup
AðxÞ
x
4
1
4
:
Proof. Let oðnÞ denote the number of prime factors of n, i.e.,
oðnÞ ¼Ppjn 1, and for k 2 N, set
Pðx; kÞ ¼ jfn4x; oðnÞ ¼ kgj:
The generalized prime number theorem (cf. [1]) states that for ﬁxed k and
x !1, we have
Pðx; kÞ  xðlog log xÞ
k1
ðk  1Þ!log x :
F. BEN SAI¨D226Hence it follows from (4.3) and Theorem 4 that the number of
n 2A; n4x; nc0 ðmod 4Þ, is oðxÞ, which proves Theorem 5.
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